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Exercise N° 01 [Exponential-affine ZCB Pricing Formula].

Given that My ;41 is exponential-affine in €441 (i.e. x441) and that the conditional Laplace transform
of x¢41 is exponential-affine in the conditioning variable (X;) we suggest that the ZCB pricing
formula at date t be an exponential-affine function of X; and then “we check if it works”. We
proceed in the following way:

a) We suggest B(t,h) = exp(C} Xy + D) and we (equivalently) rewrite the pricing formula in
terms of the payoff B(t + 1,h — 1) = exp(Cj_; X¢41 + Dp—1):

B(t,h) = exp(C) X;+ Dy)

= EiMip1- My m—144-H]

= Ey[Myy 1Bt +1,h—1)]

= Efexp(—B— o' Xy + T ey1 — $T4T4) exp(Cl,_y Xog1 + Dp—1)]

b) we do the algebra (calculating the conditional Laplace transform) obtaining:
B(t,h)
= exp(CL'Xy+ Dy)
= exp [—ﬁ —od X — %F,’fft + Dh—l] x E[exp (Fgat“ + C,’l_lXHl)}
= exp |8 /X, — ITy + Doy + Gy 8X, + CY ]
X Eylexp (Ty + X'Ch p—1) €141)]

~, /
= exp [(—a +®Ch_1 + (E’Y)/Cl,h71> X

+ (_5 + O v+ T) + 301 (BN Cra + Dh—l)} ;



¢) and by identifying the coefficients we find the recursive relations for C, and Dy, characterizing
the pricing formula B(t, h) = exp(C}, X; + Dp,).

Now, the last elements we need to completely determine the pricing formula are the starting con-
ditions for C}, and Dy. We proceed as follows:

given that, by definition of ZCB, we have B(t,0) = 1, then

eXp(C(l)Xt—i-Do) =1 <= (C(/)Xt—FDo) =0V X, = Cy=0, Dy=0.
We can also equivalently write:

given that, by definition of ZCB, we have B(t,1) = exp(—r), then
exp(C1 Xy + D) =exp(—r) <= (C1 X4 +D1)=-1r VX4 <Ci=—a, Di=-0.

Exercise N° 02 [A different derivation of the Gaussian ATSM - Scalar case].

We know that, under the absence of arbitrage opportunities, there exists a risk-neutral probability
measure Q such that the price at date ¢ for a ZCB of residual maturity h is given by B(t,h) =
Eft@ [exp(—r¢ — ... —ryyp—1)]. This means that, the yield-to-maturity formula is given by R(t,h) =
—+In Ellexp(—ri — ... — reen_1)).

i) We want to determine the yield-to-maturity formula R(¢,h) in the case where the scalar factor
(z¢) follows the following Gaussian AR(1) process:

Tpp1 = V54 oy + 0 mpr, 1 ~N(0,1) (under Q),

and the short rate process is assumed to be r; = 8 + ax;. We follows the same steps we have
seen during Lecture 4, that is, first we determine the ZCB pricing formula B(¢,h) guessing an
exponential-affine (in z;) functional form and then we determine the associated interest rates for-
mula R(t, h).

e First step :
B(t,h) = exp(chai+dp)

= E;@[exp(—rt — o= Tern-1)]

= E2lexp(—r)B(t +1,h — 1)]

= E;@ [exp(—8 — axy) exp(cp—1 Ti41 + dp—1)] ,

= exp(—f —ar;+dp1) E;@ [ch—1Zt11] ,

= exp(—f — amt + dp1 + cn v + en19*x) BL [en1 0t
= exp (=B —am +dp_1 + 1Vt + o9t + 2621 (0%)?)

= exp [(—a + cpo19%)xe + (=B + cp_1v* + %ci_l(a*)Q + dh,l)} ,
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and therefore, by identification, we find that B(t, h) = exp(cp, x¢+dp) where (cp,, dp,) are given
by:
ch = —at@iep,

1
dp, = —-0B+cp v+ 56%_1(0*)2 +dp_1,

with ¢g = 0 and dy = 0 given that B(t,t) = 1.

e Second step : the yield-to-maturity formula is clearly given by R(t,h) = —%[chxt + dp] and
therefore we have found the same ZCB price and yield-to-maturity formulas as in the case
presented during Lecture 4.

Indeed, the functional form are the same and the recursive equations are the same. The only
difference is that the methodology specifying the historical dynamics and the SDF M; ;1
allows to decompose v* and ¢* in terms of historical and risk-premia parameters : v* = v40o-,
and ¢* = ¢ + 07 (0 = ). Indeed, giving a value (directly) to (v*,p*, ") or a value to
(v, 0, 0,7,7) specify exactly the same recursive equations and therefore the prices are the
same given that the functional form is the same.

Observe that, the assumption r = 8 + ax; is made to automatically guarantee that under Q
discounted asset prices are martingales, that is, to automatically satisfy the condition B(¢,1) =
Ellexp(—ry)] = exp(—r¢) (r; is known in ¢). Indeed, from the formula B(t, h) with h = 1 we find
B(t,1) = exp(cizy + dp,) = exp(—ax; — ) and therefore B(t,1) = Ei@[exp(—rt)] = exp(—ry) is
satisfied if and only if r; = 8 + awxy.

This means that, before starting to calculate B(t,h) = E;@[exp(—rt — ... — rgrp—1)] we have to
impose that Q be an risk-neutral probability measure that is a probability measure such that any
discounted asset price (discounted by the short rate sequence) which in the information of the
investor is a martingale.

i7) If we consider the case in which x; = r; we have:
rer = U5+ o F 0 e, e ~N(0,1) (under Q),

and following the same steps as before we find B(t, h) = exp(cyx¢ +dp,) and R(t, h) = —[cpay +dp]
with:

cn = —l+g¢*cp,
1
dh = Chfll/* + 56%71(0'*)2 + dh,1 s

with ¢g = 0 and dg = 0. Observe that, again, these formulas are the same we have presented
during Lecture 4 (and 5) with @« = 1 and § = 0. Observe also that the condition B(¢,1) =
E;@ [exp(—7¢)] = exp(—r) is automatically satisfied.



Exercise N° 03.
(7) Let us assume that M;;41(w;, ) has an exponential-affine form :

My i1 = exp [Ft(wt)/wtﬂ + Bt(wt)] )

where T'; denotes the market price of factor’s risk function. Since exp(—r¢y1) = Ef(Mity1) =
exp [ (T'y |w,) + Be], the SDF can also be written :

M1 = exp [—reg1(wy) + Th(w, ) w1 — Ye(Tewy) ]

and therefore, this specification (function of w;y; instead of its noise) automatically satisfy the
condition exp(—rit1) = Er(M;t41).

(74) The joint historical distribution of w,, denoted by PP, is defined by the conditional distribution of
w1 given w,, characterized either by the p.d.f. fi(w¢i1|w,) or the Laplace transform ¢ (u|w,), or
the Log-Laplace transform 1, (u|w,). The Risk-Neutral (R.N.) dynamics is another joint distribution
of w,, denoted by Q, defined by the conditional p.d.f., with respect to the corresponding conditional
historical probability, given by :

dQy 41
dPt 41

My g1 (weyq)
Ey [My11(wyyq)]

= d2(wii|w,) =

= exp(ri+1) My (wyiq)-

So, the R.N. conditional p.d.f. (with respect to the same measure as the corresponding conditional
historical probability) is :

FRwi|wy) = fr(wes|w,)dE (wes [w,),

and the conditional p.d.f. of the conditional historical distribution with respect to the R.N. one is

given by :
1

: =d We1|We) = —5, 7 -
@uers W) = G

When the SDF is exponential-affine, we have convenient additional results:

exp(Tjwi1 + Br)
By exp(Ljwit1 + Br)

AP (wesr|w,) =

= exp [F%wtﬁ-l - wt(r‘t)] )

SO dg is also exponential-affine. The conditional R.N. Laplace transform of the factor w1, given
Wy, is :
prlulw) = B lexp(u/wei)]

= Erexp[(u+T) wepr — e(Ty)]

Dt (U -+ Ft)
et(l't)
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and, consequently, the associated conditional R.N. Log-Laplace transform is :

P (u) = Pr(u+Ty) — (T

Conversely, we get :
dy (wes1|wy) = exp [~Tjwes1 + ¥ (Ty)]

and, taking u = —I'y in ¢9(u), we can write :
YR (=Ty) = =y (T)

and, replacing u by u — I'y, we obtain :

Yi(u) = Y (u —Ty) — 2 (~Ty).

We also have :
df (weq1|w,) = exp [—Tiwtﬂ - 1/19(—13)} ,

dR (wn1lwy) = exp [Tpwpyr +v2(-To)|

Exercise N° 04 [Exercise N° 03, continued].
(i) We have a Gaussian AR(1) latent process x; such that:
Ty1 = V54 o' 0", e ~N(0,1) (under Q).

We know that the conditional risk-neutral log-Laplace transform of 7; is given by @ZJ?(—FQ =
LogEyexp(—T¢me+1)] = exp(I'7/2), and therefore the one-period SDF M1 = Myiy1(ney1) is
given by:

M1 = exp [—ﬁ —axy + Dy + %Ff] , (SDF)

I = D(@e) = (o +72) -
(74) In order to determine the historical dynamics of x; let us work with the conditional Laplace
transform, and let us remember that for any risk-neutral probability measure Q (equivalent to P)
we have:

dQyi+1 M; 11

dP E; M,
- and ti+l (M 41]

dPiry1 Ef[Migia]’ dQt 141 My 41
dQ _ Moy...Mr_1T and dpP _ Eo[Mo1] ... Er—1[Mr_17]
dP EO[MO,l] . ETfl[MTfl T] ’ Cl@ Myqy...Mp_17 ’



Now, we have that the historical Laplace transform of x;1, conditionally to x;, is given by:

Ey[M;441]

exp(uzis1
M; i1 (uzes1)

Eylexp(uzii1)] = E2

= Ez(f@ lexp (—(Yo + Yt) Neg1 — % (Vo +Y2t)* + utiy1))
= exp [u(* + ¢*z;) — L0+ y2e)?] X ERlexp(—vo — yar + uo*)nes1]

= exp [u[(y* —0*v,) + (¢* — o™ y)xe] + %uz(a*)Q]

= exp [u(v+ pzy) + 2u’c?]

This means that, under P, (x;) follows a Gaussian AR(1) process:
Tyl = V + oxr +0eip1, €41 ~N(0,1) (under P),
where v = (V* — 0*7,), ¢ = (p* —0*y) and ¢* = 0. We also find that 11 =41 — 'y

Even if the ZCB pricing formula can be determined simply making an assumption about the risk-
neutral factor dynamics, the specification of the historical dynamics becomes essential (for instance)
if we need to forecast future interest rates:

c d
BR(t + k1)) = =2 Bilwes] = 5

(forecasts are under P!). Observe that the affine nature of the yield-to-maturity formula makes the
forecast easy to be implemented.

Exercise N° 05 [No-arbitrage restrictions for the short and long rate].

We have a bivariate Gaussian VAR(1) ATSM given by:

Tpi1 = v+ Oxy +Xei1, ep1 ~N(0,13) (under P)
M1 = exp[-B—dz 4+ Tjeyr — 20|, (SDF)

Ly = D(@e) = (o +vae),

R(t,t+ h) = —Ch’h/l“t - %7

Ch = —a+(®+XY)Chy=—a+dChy,

Dy, = —B+C,_ 1 (v+I7)+ 3C),_(SX)Ch_1 + Dp_1,
Co=0,Dp=0,



where x; = (14, Ry)', with 7 = R(t,t + 1) the yield with the shortest maturity in our data base (it
is the short rate) and Ry = R(t,t+ H) the long rate, i.e. the yield with the longest maturity in our
data base.

I have to impose no-arbitrage restrictions on both components of the factor (z;) given that they
contains yields at different maturities.

First, I have to impose that R(t,t + 1) = ry: this condition generates the no-arbitrage restriction
R(t,t+1) =B+ 'z = S+ arr + agRy = 1y Clearly, rr = 8+ o’y = B+ airy + ao Ry if and only
if 6=0, a3 =1 and as = 0. These conditions are equivalent to C; = —(1,0) and D; = 0.

Second, let us denote by H the longest maturity in our data base. I have to impose that R(t,t+H) =
R; for any ¢. In this case we have:

1
_E[CLH T+ 027]{ Ry + DH] =R

= Cl,HTt + CzyH Ri+ Dy =—HR;

< Cg=0, Cog=—-H, Dy=0,
that is Cy = —H (0,1)" and Dy = 0.

Exercise N° 06 [Conditional distribution of yields when the factor is Gaussian AR(p)].

We have a Gaussian AR(p) Factor-Based term structure model in which the factor (x;) is assumed
latent. For a fixed time to maturity h, the process R = [R(t,h), 0 <t < T]is an ARMA(p, p—1)
process of the following type :

U(L)R(t,h) = oCp(L)er + Cr(1)v + Y (1),

where Cp(L) = —(c1p + copl + ... + ¢ LP71)/h is a polynomial of degree (p — 1) in the lag
operator L, 0, = —(dp/h), and where the AR polynomial, applying to ¢, is given by ¥(L) =
(I—p1L—...ppLP).

1
Indeed, we can write the yield-to-maturity formula R(t, h) = —E[c%Xt + dp] in the following way:
R(t, h) = Ch(L)l‘t + 5h y
where Cy(L) = —(c1p+conLl+...+cp, LP~1) /R is the (p—1)™ degree polynomial in the backward
shift operator L, and where 6, = —(dp,/h).

Now, if we apply on the right-hand and left-hand side of this relation the operator ¥(L) = (1 —
p1L — ..., LP) operating on ¢, we can write :

= Ch(L)[l/ + Ué‘t} + \I/(l)(sh = JCh(L)Et + Ch(l)u + \I/(D(Sh s

showing that R = [R(t,h), 0 < ¢t < T'] is an ARMA(p, p — 1) process. Observe that the AR
polynomial is independent of A, while the MA polynomial is not. Moreover, we also highlight the
fact that, when p = 1, any yield follow a Gaussian AR(1) process.



Exercise N° 07 [Conditional p.d.f. of yields when the factor is Gaussian VAR(1)].

We have Gaussian VAR(1) Factor-Based term structure model in which the latent factor (z:) is
K-dimensional. Let us consider, at date ¢, K yields that we organize in the vector Rg(t) =
[R(t,h1),...,R(t,hK)]. Now, the affine relation between this vector of yields and the factor x; can
be written in the following way:

RK(t) = CK Tt + DK s

C1hy CK dn,
kT h o
where Cx = : : , and Dk = :
Gl iy
e I s

which is a system of K equations in K unknowns (the scalar variables in z;). Given the observed
yields R (t), we can easily solve for x; and write:

Tt = CI_(-l [RK(t) - DK] .

Now, given that the conditional p.d.f. f(x¢41|x¢) is known (it is the p.d.f. of K-dimensional
conditional Gaussian process with conditional mean Ei[z;11] = v + ®z; and conditional variance
Vilze41] = ©), we have that the p.d.f. f(Rx(t+ 1)|Rx(t)) follows directly from f(z41|2¢) and
involves the Jacobian of the transformation from Rk (t) to x;.

Since the transformation (forgetting ¢ for a while) is #[R| = Cx' [Ri — Dk, its Jacobian is:

B dz[Rg]\ 1y 1
J_det< dRKK > = det(Ci!) = TGO

which implies that the historical conditional p.d.f. f(Rx(t+1)| Rk(t)) of the yields is given by:

1
Rg(t+1)|Rx(t) = ——— .
f(Ri(t+1)[ Rk (1)) et (Crc) f(@een | )
Given the set of observations at times {t1,...,t,}, the log-Likelihood function is given by:

£ =Y log f(Ri(t:)| Ri(ti-1))

i=1
assuming f(Rg(t1)| Rx(to)) = f(Rk(t1)), i.e., the marginal density .

Observe that this methodology is applied to the case p = 1, and it estimates model parameters
using a number of yields that has to be equal to the dimension of the factor. Chen and Scott (1993)
tackle this problem assuming that additional yields are observed with errors. Let us assume that
M — K additional yield are measured with errors, besides the K observed without errors:

RiW_K =Cy_kxt+Dy_k +1,s
RYM = [R(t,t + hc11), .-, R(t,t + ha)]
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where the conditional distribution of the measurement errors (7;) is known and given by A(n; | n:—1).
Moreover, n; L Riw K n: L RE. In order to determine the log-Likelihood function associated to the
vector of yields RM = (R, RM¥ ") we have to simply specify the associated conditional p.d.f.
taking into account the above mentioned assumptions:

F(RM] R%ﬁ = f(RY ’R{ipnt—l)
= f(RE m | RE L me1)
= SR [, RSy, me1) £ | REEy 1)
= fREIRE) fle|me—1).
This means that log f(RM | RM,) = log f(RE | RE ) + log f(n; | 7:—1) and, thus:
T
£3(0) = £(0) + Y _log h(n | m—1),
t=1
assuming h(n1 |no) = h(n1), i.e., the marginal density .
Exercise N° 08 [Working with the Non-centered Gamma Distribution].

Given that the non-centered Gamma random variable Y can be represented in the following way:

Y
—|Z~~v+2,1), v>0, Y Z~~yv+2Z,u), v>0,
H <~

Z ~P(B), B>0,1>0, £ PB), B>0,1>0

then, we can easily determine its mean, variance and Laplace transform. Indeed:

i) Given that Y |Z ~ ~v(v + Z,p) and that E(Y) = E[E(Y | Z)] we easily find that E(Y) =
Elu(v+2)] = pv + pE(Z) = pv + pup.

ii) Given that V(Y) = E[V(Y | Z)] + V[E(Y | Z)], again we easily find:
V(Y) = EV|2)]+VIEY|Z)]
= Bli*(v+2)] + Vipv + Z)]

= v+ 2478,



ii1) With regard to the Laplace transform, we have:

o(u) = FElexp(uY)]=Ez [Ey|Z(exp(uY) | Z)]

()
- () e ()]

= exp[—vlog(l — pu)] Ezlexp(—Z log(1l — pu))]

= exp[—vlog(l — pu)] exp [ﬁ . ﬁ“uu}

= exp |—vlog(l — pu) + 1 ﬁ/tm] .

Exercise N° 09 [Working with the ARG(1) Process].

We have an ARG(1) process (x;) defined as:

T
tTH’ZtH ~y(V+241,1), v>0,

zirt|oe ~ Plpze/p), p>0,u>0,p=5p

then, following the previous exercise, we can write:

i)
E(rir1|xy) = ElE(e1]ze01,28) |2 = E[((v + 2ze41)) | 4]

= vu+pE(zp o) =vp+puBri=vu+pa.

i)
V(zgr o) = EV(ze |z, m0) | 2] + VIE(T | 2001, 70) | 24]

= B+ ze01) |2 + VIp(v + ze01) | 2]
= (Pv+p? Bz | 20) + 12 V(21 | 20)
= pPv+2p?Bay=pPv+2upay.

i1) Under the assumption of stationarity (0 < p < 1), we have E(z;) = E(z) and V(x) = V()
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for all t. Then, we can write:

E(xy) = E[E(z¢|we1)] = Elvp+ pxa] = v+ p E(zi-1)

= under stationarity F(z) =vu+ p E(z)

pv
1—p

and therefore the marginal mean is, for every t, given by E(z;) =

iv) In the same, we can work for the marginal variance:

Viz:) = E[V(x¢|zi—1)] + VI[E(@: | 3-1)]
= EBlpPv+2upra] +Vyp+pai]
= W+ 2upE(xi1) + p*V(x4-1)
= u2v+2up%+p2‘/(xt71)

and, therefore, under stationarity we can write:

1 wv

1 pv(l+p)  pPv

1—p* (1-p) (1=p)*
v) With regard to the conditional Laplace transform, we have:

pr(u) = Elexp(uzitr) | 2] = E[E(exp(u i) | ze41, 21) | 4]

1 V+Zt+l
1— pu
1 v 1 gas
= FE | Tt
1—pu 1—pu

= exp[—vlog(l — pu)] Elexp(—2¢4+1 log(1 — pu)) |24

= exp[—vlog(l — pu)] exp [5 Tt 7 ?;/J

= exp |—vlog(l — pu) + Py xt}.
1 —up
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vi) Our ARG(1) process, with E(zyy1|2) = vu+ pay and V(zpy1 | 24) = p? v + 2 p g, can be
represented by the following weak positive AR(1) model:

Ti4l =V U+ pTy+ €441

where, by construction, E (e q1|e) = E(xy +1 —vp—pxi|ay) = E(x |2) —vp—pag =0
and therefore E(ei41) = E[E(e441 | et)] =

With regard to the variance of the noise, we have V(g1 |er) = V(v —vp —pae|ag) =
V(41 | 2) = p? v + 2 pxy. From this result we easily find that:

Vietr) = VIE(err1|ed] + ElV (et |er)]
= E[V(6t+1 ’ﬁ)} = E[V(xt—l-l —VHp =Py ’ﬂ)]

14
= E[pPv+2upw) =u2V+2M2pfp

Exercise N° 10 [The ARG(1) and ARG(p) Positive Affine Yield Curve].

i) We have that the scalar latent factor z; has an historical dynamics given by the following ARG(1)

process:
Tt41

| 241 ~y(v + 2¢41,1), v >0,

X
Zt+1\xtN73<p'ut> , p=PBu,

that is, 441 = v + pxy + 141 (weak positive AR(1) representation). This means that, under P,
the Laplace transform of 441, conditionally to x4, is given by:

u
E [exp(uwei1) | 2] = exp [1 f an ot vlog(1l —upu)

= expa(u; p, p) T + b(us v, 1)) -
and the Laplace transform of ¢;1, conditionally to &, is given by:
E[exp(uery) |er] = E{exp [u(ve —vp—pae) |2},
= expla(u; p, p) 2 + b(usv, p) —u(vp+ pay)]

= exp|(a(u; p, ) — up) vt + b(u; v, 1) —uv pl .
Given that the SDF is:

M1 =exp[—B — amt + Tiepn] exp[—a (T p,p) 20 — b (L vy p) + e (v + pay)],
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we can now write the following;:
B(t,t+h) = exp(cpz+dp)
= EfMyi1- Miym—1,4-H]
= Ei M1 B(t+1,t+ h)]
= Ei{exp[-f — azt + Tier] exp[—a (L p,p) w6 — b (T30, 1) + T (v e+ pay)]
exp(ch—1T¢y1 +dp_1)}
= exp[-B—axt—a(lyp,p) e —b(Tyv,p) + T (v + pae) + dp_q]
Eilexp(Tt €141 + cho1 Te41)]
= exp[-B—ax—alyp,p) ze —bTyv,p) + T (v + pay) + cp1 (v + pae) + dp—1]
Eilexp((Ty + cp-1) €141)]
= exp{—B —az + [a (Tt + cp1;p, ) — a(Ts; p, )] v+
0Ty + cprs v p) = b (L0, )] +dp—1}

= exp{[~a+a(cp1;p", 1))t + [=B +b(cp-1;v,1") + dp—1]}

with p* = ﬁ and p* = T —Mftu' Thus, if we identify the coefficients, we find:
(e = —a+lalch-r + T4, 1) — a(Ts; p, )]
= —a+a(cp_1;p%1%),
d, = =B+ blch—1 +Tsv,u) — by v, )] + dp
= —B4blch—1;v, 1) +dp—1.

From the condition B(t,t) = 1 we immediately find ¢y = 0, dp = 0.

i1) We have that the scalar latent factor x; has an historical dynamics given by the following
ARG(p) process:

X
%1|Zt+1’\“’)/(7/+zt+lal)7 v>0,

P1Tt + - o+ PpTi—p+1
W

Zt+1|33tN77< >,Pz’=ﬂiu,i€{1,~-7p}-
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that is, 11 = v + p' Xy + €441 with p = (p1,...,pp) and Xy = (x4,...,2¢—p+1)" (weak positive
AR(p) representation). This means that, under P, the Laplace transform of x4,1, conditionally to
x4, is given by:

u

E [exp(uzi1) 2] = exp [ (prae+ ...+ ppTr—pr1) —viog(l —up)| ,

1—up

= eXp[l p' Xy —viog(l —up)|

= expa(u; p, ) " Xo + b(ws v, p)]

and the Laplace transform of ¢;1, conditionally to &, is given by:

E [exp(ueit1) | 4]

E {exp [u(zip1 —vi—p' Xe) 2] }
= expla(u; p, p)" Xi +b(us v, ) —u(vp+p' Xp)],
= exp[(a(u; p, ) — up)' Xo +b(usv, p) —uvp] .
Given that the SDF is:
My 41 = exp [—ﬁ —od X+ Ty 5t+1] exp [—a (Te;pop) Xe—bTosv,p) +T (v + o Xt)] ,
we can now write the following;:
B(t,t+h) = exp(d, X¢+dp)
= EfMye1- Miyy—14H]
— B[My 1 B(t+ 1,64 1)
= E{exp[-B—o'X;+Tie] exp [—a (T p,p) Xy —bTiv,p0) + T (v + 0/ Xy)]
exp(c),_y Xiq1 + dh_l)}
= exp[-B-dXy—aTupp) Xe—bTyv,p) + T (v +p Xe) + dpi]
Eyfexp(lert1 + cip—1Te41 + ¢y y Xl

where ¢ 1 is the first component of the p-dimensional vector ¢,—1 = (¢1,4-1,¢,,_1)" and where
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X, = (x¢,...,2t—pt2)’. This means that:
B(t,t+h) = exp(c, X¢+dp)
= exp[-B-dXy—aTupp) Xe—bTyv,p) + T (vp+p Xe) + cipet (v + o' Xy)
)y Ko+ dnr | Bilexp(Te + erpr) er41)
= exp{-B—dX¢+[a(Ti+ crp1;0 1) —a (T p,p) + En1]’ Xt
+[o (e + cip—1;v, 1) = 0Ly v, )] + dp—1}

= exp{[—a+a(cip_1:p5 1) + 1] X + [=B +b(ch—1;v,10%) + dp—1]}

where ¢,_1 = (¢, _,,0) and with p* = P and p = r__ Thus, if we identify the
coefficients, We(ﬁz}cll: WY (= Lo bt
cn = —a+la(cip—1+Tepp) —a(ls;p,p)] +
= —a+a(cip-1;p% 1) + Ch1,
d, = —B+blcih—1+Tev,p)—bTsv,p)]+dy—y
u = —B+blep-1;vp") +dp1.

From the condition B(t,t) = 1 we immediately find ¢y = 0,dy = 0.
Exercise N° 11 [The ARG(p) Risk-Neutral Laplace Transform)].
Let us consider the scalar latent factor x; which is described, under P, by the following ARG(1)

process:
Ti41

|Zt+1N’y(l/+Zt+1,1), v>0,

pPTt

sl P (P2 o=
n

This means that its conditional historical Laplace transform is given by:

E [exp(uzigr) |z¢] = exp [ xy — vlog(l —up)| ,

1 —up

= expa(u; p, p) T + b(us v, p)] -

Let us assume, moreover, that the one-period SDF M; ;4 is given by:

M1 =exp =B — axy + Tiepa] exp[—a (L p, ) o0 — b (D5 v, ) + Ty (v + pay)] .

15



The conditional Laplace transform, under the risk-neutral equivalent martingale measure Q (we
use the money-market account as numéraire!) is given by:

M.
B lexpluzis)] = B | ot expuri)

Ei(Mip41)
= Ei{exp[lier1 —a (o) 20 — b Ty v,p) + Tt (v + poe) + uzepa]}

= expl—a(Typ,p) xe —bTyv,p)+T(vp+pay) +u(vp+ pa)] By {exp[(Te + u) 1]}
= exp{la(Tt+wp,p) —alep,p)]ae+ b +usv,p) — by v, )]}

= exp{a(u;p*, ") ot +b(usv, p*)}

a(u+ Ty p, 1) — a(l's; p, p) = a(u; p*, %)
b(u+Ty;v, 1) — b(Lys v, 1) = b(u; v, 1)

e P i H
1—-Typ

Let us consider now a scalar latent factor x; with an historical dynamics described by the following
ARG(p) process:

e
Z_l |2t+1N’Y(V+Zt+171)7 V>07

P1Tt + .+ PpTi_pi1
L

Zt+1|~’UtN73< >,Pi=5iﬂ,i€{1a--~ap}-

Its conditional historical Laplace transform is therefore given by:

P Xy —vlog(l —up)| ,

E =
exp(uaeen) L] = exp |

= exp [a(u; p, )’ Xy + b(us v, p)]

where p = (p1,...,pp) and Xy = (x¢,...,24—p41). Let us assume, moreover, that the one-period
SDF M 41 is given by:

M1 =exp[—8— o' Xy +Tieppa] exp [—a (T p,p) X —b(Lv,p) + T (vp+p' Xo)]

where I'y = v, + 7' X;. The conditional Laplace transform, under the risk-neutral equivalent mar-

16



tingale measure Q is given by:

E;@ lexp(uziy1)] = Ey ] exp(uxiy1)

= E{exp[Tier1 —aTyp,p) Xe—b(Tyv,p) +Te(vp+ p' Xi) + uzesa] }
= exp[—aTsp,p) ' X =0T, p) + T (vp+p' Xe) +u(v i+ p' Xi)] B {exp (Tt + u) er41]}
= exp{la(le+u;p,p) —aTep, )] Xe + [b(Te + usv, 1) — b (T v, )]}

= exp{a(u;p*, ") " X +b(wv, 1)}

a(u+Ty;p,p) — a(ly; p, p) = alu; p*, u*)

b(u+ T30, 1) — b(Lys v, 1) = b(u; v, 1)

with p* = 5P, 1= a

(1 —Tp) 1Ty’

17



