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4.1 Univariate Gaussian AR(1) Factor-Based Term Structure Models

4.1.1 Historical Dynamics

[0 We consider an economy, in a dynamic discrete-time setting, between dates

O and T..

0 The new information in the economy at date ¢ is denoted by x; and the overall
information at date t is x; = (¢, x¢-1,...,20). It is the (common) information

judged relevant by each investor to price assets.

] x; is called a factor or a state vector, and it may be observable, partially

observable or unobservable by the econometrician. The size of x; is K.



x; = observable

— interest rates of different maturities, inflation rate, gross domestic product,

x; = non observable

— level, slope and curvature factors, market regimes (using regime-switching

models), stochastic volatility, jumps (market crashes), ...

x; — partially observable

— x = (14, x2,+) Where z1, is observable and zo; is not.



The historical dynamics of z; is defined by the joint distribution of zp, denoted

by P, or by the conditional probability density function (p.d.f.):

fr(ziy1lze) ,

or by the conditional Laplace transform (L.T.):

oi(u|lz) = pi(u) = E[eXD(U/$t+1)|£t] = Et[exp(u’a;t+1)] 3

which is assumed to be defined in an open convex set of RX (containing zero).

We also introduce the conditional Log-Laplace transform:

Ye(ulze) = Pi(u) = Log[pr(ulzt)] .



[0 Let us assume that K = 1 and that the (non observable) factor x;41 is a Gaussian

AR(1) process of the following type:
T+l — VUV + oz + o841,

where e;41 is a Gaussian white noise with A (0,1) distribution.
O Eizxir1]l =v + oz and Vi[zip1] = 02, = zpq1| 2 ~ N(v + oz, 02)

and Tipppr -= Bzl =1 +o+ ...+ D v+ pfx; (under P).

[0 Under stationarity (i.e., |¢| < 1), we have E[x:] = I Y and Vixd] = I
— ¢ —

v 0'2

1—p 1—0¢

= Tt N( ) , With limg_ 4o Et[xH_k] = E[:ct] (under IP)).
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0 Let us remember that the Laplace transform of a scalar Gaussian random variable

Y ~ N(u,w?) is:

o(u) = Elexp(uY)] = exp (u,u + %u2w2> :

1 This means that:

1
or(ulzy) = pi(u) = exp [u(y + ox) + §u2 02] :

] and

v 1, o2
Elexp(uxt)] = exp [u (1 ) + —u 2] :
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4.1.2 The Stochastic Discount Factor

[0 We price assets (ZCBs in our case!) following the no-arbitrage principle.

0 We are in a incomplete market setting and therefore, under AAO, we have an

infinitely many positive SDFs.

[0 The development of the zero-coupon bond (no arbitrage) pricing model is char-

acterized:

— after the historical distribution assumption (presented above),

— by the parametric specification of a positive stochastic discount factor (SDF)

M; 141, for the period (t,t+1).
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0 The price y(t) at t of a financial asset (basic asset, derivative, ...) paying y(T)

at T is:

y(t) = E[Myq1-...- Mroa7y(T) |z = Er [Myry(T)] .

[J We choose a SDF which is exponential-affine in the state variable x,41, that is
(equivalently), in its noise €;41 :

1
Mijp1=exp |—8—axi+ g1 — > rtQ

— the coefficients o and B8 are path independent (constant!);

— It =T (at) = (70 +va) is a stochastic risk correction coefficient, also called

Market Price of Factor Risk [see following sections].
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[J Now, the absence of arbitrage restriction on the ZCB with unitary residual ma-

turity requires:

Ey(M;41) = exp(—r),

where r; is the (predetermined) short-term interest rate between ¢ and ¢t + 1.

[J This condition implies the relation r, = 8 + ax;.

0 This means that, under the absence of arbitrage opportunities, the SDF can be

written as:

1
Mip1 = exp |—ri+Tierpr — 5 2| = exp(—r¢)
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4.1.3 The Risk Premium

[J In order to give an interpretation of the risk-correction coefficient 'y, we consider

the following definition of risk premium [see also Dai, Singleton and Yang (2007,

RFS)]:

Definition 1 : If we denote by P, the price at time ¢ of a given asset, its risk

premium between ¢t and t 4+ 1 is:
At = log E; (P%:l) —r = log By exp(yi41) — 7t
where y;4+1 = l0g(P;4+1/P;) denotes the one-period geometric return of the asset.
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0 We can interpret \; as the excess growth rate of the expected price with respect

to the present price.

[J Now, starting from this definition of the risk premium we obtain interpretations

of the function 4, appearing in the SDF, by means of the following example.

0 Example : If we consider an asset providing the payoff exp(—bx;41) at t + 1, its

price in t is given by:

1
P, = E; [Mt,t—l—lpt—l—l] = F; [exp (—Tt — El_f + (I_t — b0')8t+1 — b(l/ + goxt)>]

= exp|—-r—blv+ pxt) —boly + %(bU)QI ;
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[] and
EPy1 = Eifexp(—bziy1)] = exp [-b(v + pxi)] B {exp [-boei1]}

= exp [—b(v + ¢z:) + 2(bo)?] .

] Finally, the risk premium is:

)\t:bO'rt.

[J Therefore, b, ['; and o can be seen respectively as a risk sensitivity of the asset,

a risk price and a risk measure.

16



4.1.4 The Affine Term Structure of Interest Rates

[ With the specification of the SDF, we determine the price of a zero-coupon bond

in the following way
B(t,t+ h) = E; [Mt,t—l—l SR Mt-|—h—1,t-|—h] :

where B(t,t+ h) denotes the price at time t for a ZCB with residual maturity h.

0 Proposition 1 : The price at date t of the zero-coupon bond with residual

maturity h is:

B(t,t—|— h) = exp(cha:t + dh), h>1,

17



0 where ¢;, and d;, satisfies the recursive equations:

c, = —oa—+@ep_1,

1
dp, = —-B4cp1v*+ EC;QL_NQ +dp—1,
with ¢* = (¢ + ov), v* = (v 4+ v,0) [keep in mind these parameters].
[0 The initial conditions of the recursive (difference) equations are:
— at h =0 we have B(t,t) = 1, implying the conditions ¢g = 0 and dg = 0.

— or, at h =1 we have B(t,t + 1) = exp(—r¢), implying the conditions ¢; = —«

and di = —8.
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O Proof of Proposition 1 : given that M;,y; is exponential-affine in .41 (i.e.
xy+1) and that the conditional Laplace transform of xz;41 is exponential-affine in
the conditioning variable (x;) we suggest that the ZCB pricing formula at date

t be an exponential-affine function of z; and then “we check if it works’ .

[0 We proceed in the following way: a) we suggest B(t,t+h) = exp(c, x:++dp) and we
(equivalently) rewrite the pricing formula in terms of the payoff B(t+1,t+h) =

exp(ch—1Ti41 + dp-1):
B(t,t+h) = exp(cypzt+dp)
= EiMiy1- - Mign—11+H]

— Et[Mt,zH—lB(t —I— 1, t —I— h)]

= E/[exp(—B—azi+ Mg — 2 2) exp(cp1 g1 + dp-1)]
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0 b) we do the algebra (calculating the conditional Laplace transform) obtaining:

B(t,t + h)
= exp(cyzt +dp)
= exp|[-8— oz — %rf + dp_1] X Ei[exp (Mie1 + ch-12i41)]

= exp[-B—awm — 37+ dy1+c,_1(pz + )] x Efexp (T + ocp-1)ei41)]

= exp [(—a+ pch-1 + ch107)zi + (=B + cho1v + 22102 + Yoch-10 + di-1)]
0 ¢) and by identifying the coefficients we find the recursive relation presented in

Proposition 1.
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[0 The ZCB price at date t is an exponential-affine function of the factor (z;) at

the date t — it is function ONLY of the information at time ¢.

[0 Corollary 1 : The yields to maturity (continuously compounded spot rates)

associated to the ZCB pricing formula are :

1
R(t,t+h) = —ElogB(t,t—kh)
= Gy, s
h h -

and they are affine functions of the factor x:.
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For a given t and with h varying, R(t,t+h) is the so-called affine term structure

of interest rates.

For that reason the model is called Affine Term Structure Model (ATSM).

Given that the factor z; is described by a discrete-time Gaussian stochastic
process (the AR(1) process), then we talk about Gaussian Discrete-Time

ATSM.

x¢ IS @ scalar process : Univariate Gaussian ATSM.
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4.1.5 Excess Returns of Zero-Coupon Bonds

[J We have the following specification for the zero-coupon bond return process.

0 Proposition 2 : Under the absence of arbitrage opportunity, and for a fixed
maturity 7', the one-period geometric zero-coupon bond return process p =

[p(t, T),0 < t<T], where p(t+ 1,T) = log [B(t+ 1, T)] —log[B(t, T)], is given

by:
pt+1,T) = r—zwlt+1, T2 4+wlt+1,T)M—wlt+1,T)ey1,
where w(t+ 1, T) = —(ocr—i—1) [Proof : exercise].
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[0 This means that the process p is such that:

p(t+1,T) |zt ~ N [,u(t +1,7),w(t+1, T)Q]
where p(t+1,T) =r—2w(t+ 1, T)>+w(t+1, T),
and w(t+ 1, T)2 = (O‘CT_,g_l)2 .

[0 The associated risk premium between ¢t and t 4+ 1, denoted by \:(T), is:

)\t(T) = |Og Ey exp[p(t -+ 1, T)] — T = w(t -+ 1, T) M.

O My = (vo + vx¢) plays (for any T') the role of a risk premium per unit of "risk”

w(t+1,T).

24



In particular, for a fixed v # 0, the variability of \(T) is driven by x;.

If we assume v = 0 (i. e., 'y = ~,), the risk correction coefficient and the risk

premium of the zero-coupon bond become constants.

Also note that, if T=¢+4+2 and x; = r; , we have w(t+ 1, T) = o and we get the

result of the example presented in Section 4.1.3 for b = 1.

We will see during the next Lecture that this property of the excess bond return

process gives the opportunity to easily estimate the model, and in particular

(Yo, 7)-
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4.1.6 Risk-Neutral Dynamics

0 In the previous sections we have presented the Gaussian AR(1) Factor-Based

Term Structure Model under the historical probability P.

[J Under the absence of arbitrage opportunity, there exist a probability Q ~ P under

which asset prices, evaluated with respect to some numeraire N;, are martingales:

y(t) _ E© [y(t +1)
Ni

Niya

0 Q is be the probability (equivalent to P) defined by the sequence of conditional

densities:

d N. M d
Q¢ 141 = N Mygr P [ Qt1+1
dlP; 441 Ny
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[0 The most used choices of numeraire are the money-market account (we are

going to use) and the ZCB choice (presented in one of the following sections).

[0 If we consider as numeraire the money-market account N; = exp(ro + ... +
re—1) = Aoy, Where (Ag:) ™t = Eo(Mo1)--- Er—1(M;_1+), the associated equivalent
probability Q has a one-period conditional density, with respect to P, given by :

dQii+1  Agi+1Migr1 Mg

APy 141 Aot  E(Miy1)

— T
— € tMt,t_|_1 .

and it is called risk-neutral probability measure.
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This means that the pricing formula y(t) = E[M,;;+1y(t + 1)] can be written:

My 41
y(t) = E; ’ Ei[Mii41]y(t + 1)
Ei[M;141]

= E%exp(—r)y(t+ 1)].

In a general (T — t)-period horizon, the conditional (to z;) density of the risk-

neutral probability Q with respect to the historical probability P is given by:
dQq, 1 Mgy - Mp_17

Y

dP; Ei(Mgq1) - oo Er—1(Mr_1.7)

Y

= exp(re+...+rr-1) My,

This means that, for any payoff y(7T') at T, we have :
y(t) = E;@[GXD(—H — ... —rr_1)y(T)],

and y(t)/Ao: is a Q-martingale.
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[0 The one-period transition from the historical world to the risk-neutral one is

given, in our model, by the conditional density function :

M 141
Ei(M;i41)

= exp

1 2
rt€t_|_1 —El’t .

[0 Moreover, for any asset, the price P, at t is equal to exp(—rt)E;Q(PtH) and,

therefore, the risk premium A\; presented in Definition 1 is equal to:

At = log Ey(P;4+1) — log Eft@(Pt—l—l) ,
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[J The risk-neutral Laplace transform of z,41, conditionally to zy, is given by:

M
EXexp(uzit1)] = Ei DL exp(uzitt)

Ei(M¢i41)

= B [exp ((vo +v@) er1 — 3 (Yo + v20)? + uwry1)]

= exp

= exp

= exp

u(v + oz) — 3(vo + v2)?] X Eifexp(vo + yor + uo)eiyl

u[(v 4+ 07) + (¢ + oy)z] + fuo?]

:u(y* + o*xy) + %uQJQ] :
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O Proposition 3 : Under the risk-neutral probability Q, z;+1 is an AR(1) process

of the following type:

Tip1 = Vit @' + o',

[ with

vt = (v+ov), ¢ =(p+oy), ot =0.

and where n;41 2 ZIN(0,1). Note that g;41 = 41 + s

31



If 'y = ~, (constant market price of risk), only the constant term changes.

If ', =0, then (x;) has the same distribution under P and Q.

Indeed, if [, = 0 we have M;;4+1 = exp(—7r;) and any payoff is discounted under

P by the risk-free rate:

B(t,t + h) = Et[exp(—frt — ... Tt—i—h—l)] , with r; = 5 + ax; .

Meaning — assuming M;,;+1 = exp(—r¢) implies that we do not consider the
factor (x;) as a source of risk, additional to (different from) (r;), affecting the

ZCB price process.

Indeed, in that case we have \(T) = log Erexp[p(t+ 1, T)] —r, = 0.
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[J Proposition 4 : In the risk-neutral framework, for a fixed maturity 7', the one-

period geometric zero-coupon bond return process satisfies the relation:

p(t+1,T)=r—Zwt+1,T)° —wlt+1, T)ny1,

J with a risk premium equal to :

ANT) =log E2exp[p(t+1,T)] —r=0.
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4.1.7 The Gaussian short-rate model

J In what we have presented above, the factor z; was latent. In the term structure

literature several models are specified assuming xz; = r;.

[0 The shape and the dynamics of the (ENTIRE!) yield curve is driven (ONLY!) by

the short-rate process.

] It is convenient to have observable factors: we can specify the historical dynamics
of the factor starting from the observed stylized facts (autocorrelation, marginal

moments, mean-reversion, stationarity, ...) on the short-rate.
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We assume that the factor z;41 = r41 is @ Gaussian AR(1) process of the

following type:

Tkl =V + ©rt + 041,

we have the same SDF, but now the AAO condition E;(M;4+1) = exp(—r) implies
B =0 and « = 1. We have to guarantee that the theoretical formula R(t, h)

generates, when h = 1, exactly the short rate process we have assumed under P.

Clearly, under Q@ we have:

Ter1 =V + @'+ o1,

It is the discrete-time equivalent of the continuous-time Vasicek (1977) model.
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[0 An interesting interpretation of I'; stands out when we write R(t,h) for h = 2. It

is easy to verify that:

1 1
R(t,t+2) = 5 re + Ei(riy1) + ol — 502 ,
1
0 The term 5 [r: + E:(r:41)] is the average sequence of future short rates (— Ex-
pectation Hypothesis Theory!), while (62/2) is a Jensen inequality term (E[exp(X)]

> exp[E(X)]).

1
J The term §Urt is the non-zero time-varying Term Premia: if [y = v, then TP
is constant over time and depend only on the residual maturity (EH). If ', = 0,

then TP = 0 (PEH).
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4.1.8 The S-Forward Dynamics

O In many financial applications, a convenient numeraire is the zero-coupon bond

whose maturity S is the same as the derivative product we would like to price.

[J More precisely, the equivalent martingale measure is determined in this case, for
every date t € [0, S], by the numeraire:

__ B(t,5)
~ B(0,S)’

t

and it is referred to as S-forward probability and denoted by Q).
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[0 The one-period conditional (to x;) density of the S-forward probability Q), with

respect to the historical probability P, is given by:

S
d@g,t—)l—l _ M1 B(t+1,5)
dPt,t—l—l B(ta S) ,

[0 while, the one-period conditional (again, to z;) density of the S-forward proba-

bility Q) with respect to the risk-neutral probability Q, is given by:

(S) (S)
dQihr AQyhq dPriyr By(M +1)B(t‘|‘ 1,5) exp( rt)B(t_l_ 1,5)
— — t’t — I .
dQy 1+1 dPys+1 dQy 41 B(t,S) B(t,S)
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[0 Therefore, in a (T — t)-period horizon (where T' < S), the S-forward probabil-
ity Q%) has a (conditional to z:) joint density with respect to the risk-neutral
probability Q given by:

Qi3 1 B(r+1,8)  B(T,S)

= exp(—ri— ... —rp_1),
dQy 1 B(r, S) Bt 5y P rr-1)

0 and the pricing formula of y(7T), for S = T, takes the following useful represen-

tation:
y(t) = EZ[exp(—ri—...—rr_1)y(T))]

= B(t,T)EX" [y(T)],

in which the problem of derivative pricing reduces to calculating an expectation
of the payoff y(T).

39



0 The S-forward dynamics of x;41 has an AR(1) representation of the following

type:

Ti41 = Vs + @ @ + 0741,

[] with

vs =v*—oc*'w(t+1,5),

O and where &.41 ~ ZZN(0,1) under Q) [Proof : exercise]. Observe that ;41 =

£t+1 —W(t + 175) + I
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In the S-forward framework, the one-period geometric zero-coupon bond return

process is described by the relation:
pt+1,T) = —wlt+1,T)&t1+m—2wlt+1,T)°+ w(t+1, Tw(t+1,5),
with a one-period risk premium given by :

AT =10g EX exp [p(t + 1, T)] — e = w(t+ 1, Dw(t+ 1, S),

[Proof : exercise].

Consequently, under the T-forward probability, the one-period risk premium per

unit of w(t+ 1, T') is given by the w(t+ 1, T) itself.
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4.2

4.2.

Univariate Gaussian AR(p) Factor-Based Term Structure Models

1 Historical Dynamics

We assume that the (scalar) exogenous factor x;41 characterizing the specifica-

tion of the term structure is an AR(p) process of the following type:

Tir1 = UV F+ o1z + .0+ opXir1—p + 0141

v + ¢ Xi + oeya,

where g;11 IS a gaussian white noise with A (0, 1) distribution.

We have: ¢ = [p1,...,¢p], Xi = [@4,...,2t41-p])", and where o > 0, v and ¢;, for

i €{1,...,p}, are scalar coefficients.
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O Eixir1]l =v + ¢ Xt and Vizip1] = 02 = 241 | 20 ~ N(v + ¢’ X, 02) (under P).

b

[0 Under stationarity (i.e. the roots of the equation 1 — Zgoj 2J = 0 all lie outside
Jj=1

the unit circle), we have E[x;] = l = p, and V]zi] = o2 [see Hamilton

p
1-> @
j=1

(1994), Chapter 3],

= @ ~ N (pe,02) (under P).
[J Forecasts can be recursively calculated in the following way:
xf—l—k!t — Et[xt—l—k:] =v+ Et[iCH_k_l] + ©o Et[xH_k_Q] + ...+ ¥p Et[xt+k—p] ,

starting from Ei[zi1] = v+ prae +poxi—1+ ... + ©pxi_pta-
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[0 The conditional Laplace transform is given by:

1
oi(ulzy) = pi(u) = exp [u(l/ + X)) + EUQ o2
[J and the marginal one is:
1 5 5
Elexp(ux:)] = exp |u pr + S U oz -

|

44



[0 The model can also be represented in the following multivariate AR(1) form :

Xig1 =V + PXy + 08441,

O where v = [v,0,...,0]) and &.4+1 = [&4+1,0,...,0] are p-dimensional vectors,

] and where

Y1 ... Pp—1 Pp

1 0 0 0

b = 0 1 0 0
| O 1 0 |

is a (p X p)-matrix.
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4.2.2 Stochastic Discount Factor

0 We specify the following SDF:

1
Mijy1 =exp | =8 — ' X+ Tigpy1 — §r7t2 ,

O where the coefficients a = [ag1,...,ap])" and B are path independent, and where

=T (X) =(Vo+7X) =v%+7ze+ ... + V% Tt_pt1-

[0 The no-arbitrage restriction Ei(M;;41) = exp(—r¢), implies the relation r, =

B —|— Oé,Xt.
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4.2.3 The Risk Premium

[0 Given the definition of risk premium introduced in Lecture 3 (Part III):

P,
A\t = log E; ( ?)Ll) —ry = log Erexp(ys+1) — 1t
t

[0 and given the same payoff exp(—bx;41) at t + 1, its price in t is given by:

1
P, = E; [Mt,t-l-lpt—kl} = e&xp [—’r‘t — b(l/ —I— QO/Xt) — bO'rt + 5(1)0’)2] ,

1
EiPy1 = Eiexp(—bxri4+1)] = exp [—b(u + o' X)) + §(ba)2] :

O the risk premium is \y = bo s = bo (7,+~'X;:). It is function of the p most recent
lagged values of the factor z;41. The recent past (and not only the present value

x:) determine the risk premium level in t.
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4.2.4 The Affine Term Structure of Interest Rates

[J The price at date ¢t of the zero-coupon bond with time to maturity A is :

B(t,t+h) =exp(c, X;+dy), h>1,

] where ¢;, and d; satisfies the recursive equations :

c, = —a+Pce1+cip107v=—-a+ Pe_1,
dp, = —B4+cip1(v+0)+ %Cih_ldz + dp—1,
O with :
[ Y1+ oM ©p-1F+ oYp-1 Ypt oV ]
1 o ... 0] 0
b = 0] 1 ... 0] 0
0 1 0o
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The initial conditions are ¢cg = 0,dp = 0 (or ¢1 = —a,d1 = —f); c1, is the first

component of the p-dimensional vector ¢, [Proof : exercise].

The continuously compounded term structure of interest rates is given by:

1 / d
R(t,t—l—h)=—ElogB(t,t—|—h):—c—;Xt—zh, h>1,

For a given date ¢, any vield R(t,t+ h) is an affine function of the factor X;, that

is of the p most recent lagged values of x;41.
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4.2.5 Excess Returns of Zero-Coupon Bonds

[J Under no-arbitrage, and for a fixed maturity 7', the one-period geometric zero-
coupon bond return process p = [p(t,T),0 < t < T], where p(t + 1,T7) =

log [B(t+ 1, T)] —log [B(t, T)], is given by:

pt+1,T) = r—2wlt+1, T2 +wlt+1, T —w(t+1,T)eqr,
where w(t+1,T) = —(oc1r-+—1) [Proof : exercise].

[J This means that the process p is such that:
p(t+1,T) |z ~ Nu(t+1,T),w(t+1,T)?]

where p(t+1,T) =r—2w(t+1, T)>+w(t+1, T),

and W(t + 1, T)2 = (O‘Cl,T_t_l)Q .
50



[0 The associated risk premium between ¢t and t + 1, denoted by \:(7T), is:

M(T) =logEiexplpt+1,T)]—-rm=wit+1,T)i=w(E+1, T)(vo+v'Xt).

[0 We note that I'y = (v, ++/X:) plays for any T the role of a risk premium per unit

of "risk” w(t+1,T).

O In particular, the variability of \,(T") is driven, for a fixed ~ different from zero,

by the p most recent lagged values of ;4.
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4.2.6 Risk-Neutral Dynamics

[0 The risk-neutral Laplace transform of x,41, conditionally to z;, is given by:

EPllexp(uziy1)] = exp [u(v + ¢'X1) — 3(vo + 7' X0)?] Eilexp(vo + v/ Xt + uo)ery1]
= exp [u[(v + 07) + (¢ + 07)' X4] + Fu0?] ,

where ¢ = [p1,...,pp)" [Proof : exercise]. Therefore, we get the following result.

0 Under the risk-neutral probability Q, z;4+1 is an AR(p) process of the following
type:

Ti41 = Vit iz + oo+ oprep1p o,
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] with
vt = (w4ov), ¢f =(pi+oy) forie{l,...,p}

ocf = o,

where 741 2 ZZIN(0,1). Note that gi41 = m41 + I+

0 This model can be represented in the following vectorial form

Xt_|_1 =v" 4+ P*Xy + O-*ﬁt—|—17

O where v* = [v*,0,...,0] and ;41 = [7+1,0,...,0] are p-dimensional vectors.
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4.2.7 The Gaussian AR(p) short-rate model

0 We assume that the factor z;41 = r41 is @ Gaussian AR(p) process of the

following type:

Te+1 =V + o1+ oo ppript1 + 041,

[0 we have the same SDF, but now the AAO condition Ei(M;4+1) = exp(—r:) implies
B =0 and a« = (1,0,...,0) € R’. We have to guarantee that the theoretical
formula R(t,t+ h) generates, when h = 1, exactly the short rate process we have

assumed under P.
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[J Clearly, under Q@ we have:

i1 =V + e+ o+ oprept1 + ot

] It is the discrete-time “multiple lags” generalization of the continuous-time Va-

sicek (1977) model.
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4.2.8 The S-Forward Dynamics

[0 The S-forward dynamics of z;41 has an AR(p) representation of the following
type:

Tiy1 = Vs + P10t + o0+ PpTiq1p + 041,

L1 with

vs =v* —oc*w(t+1,95),

O and where 41 ~ ZZN(0,1) under Qg [Proof : exercise]. Observe that g,41 =

ft_|_1 — w(t —|— 1, S) —I— [, where [, = Yo —l— ’V/Xt.
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In the S-forward framework, the one-period geometric zero-coupon bond return

process is described by the relation:
pt+1,T) = —wlt+1,T)&t1+m—2wlt+1,T)°+ w(t+1, Tw(t+1,5),
with a one-period risk premium given by :

AT =10g EX exp [p(t + 1, T)] — e = w(t+ 1, Dw(t+ 1, S),

[Proof : exercise].

Consequently, under the T-forward probability, the one-period risk premium per

unit of w(t+ 1, T') is given by the w(t+ 1, T) itself.
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4.2.9 Yield Curve Shapes

0 Which kind of yield curve shapes are we able to generate thanks to the intro-

duction of lagged factor values 7

[0 Compared to the Gaussian AR(1) case, are we able to generate yield curves

closer to the observed ones ?

[0 Let us consider (from CRSP) a data set on the U. S. term structure of interest
rates (treasury zero-coupon bond yields), covering the period from June 1964
to December 1995. We have 379 monthly observations for each of the nine

maturities : 1, 3, 6 and 9 months and 1, 2, 3, 4 and 5 years.
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Table 1 : Summary Statistics on U. S. Monthly Yields from June 1964 to December 1995.
ACF (k) indicates the empirical autocorrelation between yields R(¢,h) and R(t — k,h), with h and

k expressed on a monthly basis.

Maturity 1-m 3-m 6-m 9-m 1-yr 2-yr 3-yr 4-yr 5-yr

Mean 0.0645 0.0672 0.0694 0.0709 0.0713 0.0734 0.0750 0.0762 0.0769
Std. Dev. 0.0265 0.0271 0.0270 0.0269 0.0260 0.0252 0.0244 0.0240 0.0237
Skewness 1.2111 1.2118 1.1518 1.1013 1.0307 0.9778 0.9615 0.9263 0.8791
Kurtosis 4.5902 4.5237 4.3147 4.1605 3.9098 3.6612 3.5897 3.5063 3.3531
Minimum  0.0265 0.0277 0.0287 0.0299 0.0311 0.0366 0.0387 0.0397 0.0398
Maximum 0.1640 0.1612 0.1655 0.1644 0.1581 0.1564 0.1556 0.1582 0.1500

ACF(1) 0.9587 0.9731 0.9747 0.9745 0.9727 0.9780 0.9797 0.9802 0.9822
ACF(5) 0.8288 0.8531 0.8579 0.8588 0.8604 0.8783 0.8915 0.8986 0.9053
ACF(10) 0.7278 0.7590 0.7691 0.7699 0.7683 0.7885 0.8021 0.8075 0.8212
ACF(20) 0.4303 0.4631 0.4880 0.4996 0.5156 0.5742 0.6051 0.6193 0.6431
ACF(30) 0.2548 0.2682 0.3016 0.3213 0.3518 0.4358 0.4725 0.4994 0.5187
ACF(40) 0.1362 0.1415 0.1677 0.1853 0.2160 0.3056 0.3427 0.3780 0.3961
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0 The term structure of ZCB vyields is, on average:

e upward sloping

e and the yields with larger standard deviation, positive skewness and kurtosis

are those with shorter maturities.

e Moreover, vields are highly autocorrelated with a persistence which is in-

creasing with the time to maturity.

[0 Let us take as factor the 1-month vield : r» = R(t,t + 1 month)
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Figures A, B, C and D: examples of observed yield curves in the data base.

Figures from 1 to 4: yield curves generated by a Gaussian AR(1) ATSM.

— Shapes can be only monotone increasing/decreasing, flat or with hump.

Figures from 5 to 8: yield curves generated by a Gaussian AR(2) ATSM.

— Richer but not really realistic shapes.

Figures from 9 to 12: yield curves generated by a Gaussian AR(3) ATSM.

— Richer and more realistic shapes (two humps).
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Yield to Maturity

0.0030 0.0040 0.0050 0.0060 0.0070

Yield to Maturity

0.0102

Monotone Decreasing (dots and dashes), Monotone Increasing (solid);

0.0118 0.0126

0.0110

0.0094

FIGURE A — Observed Yield Curves :
Humpshaped (dashed), Flat (dotted);

FIGURE B — Observed Yield Curves : J—SHAPES
J-shaped (dashed; dots and dashes), J-Humpshaped (solid);
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FIGURE 1 — Goussion AR(1) model;

phi_star = 0.99, r = 0.003; sigma~2 = 0.00000039;
nu_star = 0.00005 (bottom curve) to 0.00030 (top curve);

FIGURE 2 — Goussian AR(1) model;
phi_star = 0.99, r = 0.003; sigma~2 = 0.000008;

nu_star = 0.00010 (bottom curve) to 0.00015 (top curve);
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FIGURE 3 — Gaussian AR(1) model; FIGURE 4 — Gaussian AR(1) model;
phi = 0.95; phi_star = 0.87 (bottom curve) to 0.99 (top curve); phi_star = 0.99, r = 0.003; nu_star = 0.00007;
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FIGURE 5 — Goussian AR(2);
phil_star = 0.74, phi2_stor = 0.25;

r_{t+1} = 0.0036, r_{t} = 0.0030; sigma~2 = 0.00000039;

nu_star

= 0.00005 (bottom curve) to 0.00030 (top curve)

sigma~2 =

FIGURE 6 — Gaussion AR(2);
phil_star = 0.74, nu_stor = 0.00008;
0.00000039, r_{t+1} = 0.0030, r_{t} = 0.0036;

phi2_star = 0.04 (bottom curve) to 0.24 (top curve);
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FIGURE 7 — Goussion AR(2); FIGURE 8 - Goussion AR(2);
phil_star = 0.74, phi2_star = 0.25; phil_star = 0.74, phi2_star = 0.25;
r_{t+7Y = 0. , r_{ty = 0.  Sigma } B r_{t+1F = 0.0036, r_{t} = 0.0032; nu_star = 0.00007;
nu_star = 0.00010 (bottom curve) to 0.00015 (top curve); sigma~2 = 0.0000004 (top curve) to 0.0000024 (bottom curve);
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FIGURE 9 - AR(3);
nu~s = 0.00008, sigma~2 = 0.00000039;
phi1~s = 0.79 (bottom) to 0.865 (top);
phi2™+ = 0.12 (bottom) to 0.1075 (top):;
phi3~* = 0.07 (bottom) to 0.02 (top)

phi1l

FIGURE 10 — AR(3);
= 0.79, phi3~+ = 0.07, nu™s = 0.00008;

sigma~2 = 0.00000039; phi2~+ = 0.12 (top) to 0.1075 (bottom);
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FIGURE 11 — AR(3); FIGURE 12-Gaussian AR(3);
phi1~s = 0.766, phi2~+ = 0.17, phi3~+ = 0.05; phi1®s = 0.766, phi2~s = 0.17;
sigmo”~2 = 0.000008; nu~+ = 0.00010 (bottom) to 0.00015 (top); phi3~+ = 0.05; nu™+ = 0.00008;
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b)

Nevertheless, we have to keep in mind that the shapes we have seen have been

generated by chosen (and not estimated ') parameter values !

If we want to realistically verify the ability of Gaussian AR(p) ATSMs models

to generate yield curves closer to the observed one, we have to:

first, estimate the parameters of the model

second, generate the yield curves by means of the yield curve formula, fixing

parameter values to their estimated values.

third, compare them with other possible (competing) yield curve models: which

model fit the observed yield curves better (i.e. smallest pricing errors) 7
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Using estimated parameters

0 Figures from 1 to 4 (slide 30) :

0 Figures from 1 to 6 (slide 31):

[0 Figures from 1 to 6 (slide 32):

0 Figures from 1 to 6 (slide 33):

0 Figures from 1 to 6 (slide 34):

AR(1) model-implied yield curve shapes.

AR(3) model-implied yield curve shapes.

AR(4) model-implied yield curve shapes.

AR(5) model-implied yield curve shapes.

AR(6) model-implied yield curve shapes.
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FIGURE 1 - AR(1);
nu~s = 0.00007036, sigma~2 = 0.00000039;

FIGURE 2 - AR(1);
nu~+ = 0.00007036, sigma~2 = 0.00000039;
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FIGURE 1 - AR(3):
nu~e = 0.000087. sigmo~2 = 0.00000039:
phi1~e = 0.766, phi2~e = 0.17, phi3~e = 0.055;
~1) = 0.0030. r_(1) = 0.0044, r_{t+1} = 0.0034;

FIGURE 2 - AR(3):
nu~e = 0.000087. sigmo™2 = 0.00000039:
o’ 7, .000087, siama-2 = 0.00000039;
r_(t-1) = 0.0034, r_(t} = 0.0030, r_(t+1) = 0.0044:
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FIGURE 1 - AR(4):
r-(t-2) = 0.0030. r_(t-1) = 0.0034,

FIGURE 2 - AR(3):
r_(t-2) = 0.0044, r_(t=1) = 0.0038,

r_(t-2) = 0.0030, r_(t-1) = 0.0038,

FIGURE 3 - AR(4):
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Yield to Moturity

Yield to Moturity
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FIGURE 1 - AR(6):
r_(t-4) = 0.0020. r_{t-3} = 0.0030. r_(t-2) = 0.0034.
r_(t-1) = 0.0038. r_{t) = 0.0044. r_{t+1} = 0.0050:

FIGURE 2 - AR(6):

r_(t-4) = 0.0050. r_(t-3) = 0.0044. r_(t-2) = 0.0038.

r_{t-1) = 0.0034. r_(t} = 0.0030. r_(t+1) = 0.0020:

FIGURE 3 - AR(6):
r_{t-4) = 0.0030. r_(t-3} = 0.0038. r_{t-2) = 0.0044.
r_{t-1) = 0.0050. r_(t} = 0.0034. r_(t+1) = 0.0020:
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FIGURE 4 - AR(6):
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Fixed Income and Credit Risk
Lecture 4 - Part 11
Discrete-Time Bivariate Gaussian

VAR(1) Term Structure Models



Outline of Lecture 4 - Part 11

4.3 Bivariate Gaussian VAR(1) Factor-Based Term Structure Models

4.3.1 Historical Dynamics

4.3.2 The Stochastic Discount Factor

4.3.3 The Risk Premium

4.3.4 The Affine Term Structure of Interest Rates

4.3.5 Excess Returns of Zero-Coupon Bonds

4.3.6 The Bivariate Gaussian VAR(1) Observable Factor-Based Model
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4.3 Gaussian VAR(1) Factor-Based Term Structure Models

4.3.1 Historical Dynamics

[J We consider our discrete-time economy between dates O and T'.

] x; is our factor or a state vector, and it may be observable, partially observable

or unobservable by the econometrician.

[0 The Gaussian AR(p) ATSM is (at estimated parameters) not able to completely
explain the variability over time and maturities of the observed vield curves =

we need more information, i.e. more factors!

O The size of zy = (14, 22+)" is now assumed to be K = 2.
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[0 The historical dynamics of z; is defined by the joint distribution of xzp =

(zo,...,xz7r), denoted by P, or by the conditional probability density function

(p.d.f.):
fi(x1141, T2 41|2t)
[0 or by the conditional Laplace transform (L.T.):
ot(ulzs) = Elexp(ur z1 41 + vz woi41) | 2] = Elexp(u'ziy1)|z:] = Eilexp(u'zig1)],

which is assumed to be defined in an open convex set of R? (containing zero).

[0 We also introduce the conditional Log-Laplace transform:

Ye(ulz) = Pi(u) = Log[pr(ulzt)] .

75



Let us assume that the (non observable) 2-dimensional factor x;4+1 = (2141, Z2,t4+1)’

is @ Gaussian VAR(1) process of the following type:

1

Li4+1 — VUV + bz + Zc‘-?t+1 — [ 5

_I_[son 9012]%_'_2[61,15]’

P21 P22 €Dt

where g; is a 2-dimensional Gaussian white noise with N (0, I>) distribution.
Eilxir1] = v + Py and Vi[z41] = X' = Q (symmetric positive semi-definite),
Tit1| xe ~ Ng(v + Pxy, 2) (under P).

At date ¢, the k-step ahead forecast (denoted a:§+k|t) with a VAR(1) model:

e = Bilr] = o+ @4+ P4 dhgy

76



0 We do not have a uniqgue decomposition of €2:

e > = (0;;) can be chosen lower triangular (in general : Choleski decomposi-

tion) to guarantee 2 > 0 and symmetric.
e Using Choleski (X = (o7;)) we impose of;, > 0, i € {1,2}, to solve identifica-
tion problems.
[0 Under stationarity (i.e. all values of z such that | Io — ®z| = 0 lie outside the unit
circle), we have
o Elx;] = (Io—®) v and V]z] is such that vec(V]xy]) = (Jo» — P Q@ P) L vec(Q),

= x¢ ~ Np (E[ZCt],V[ZCt]) (under IP))
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[J Let us remember that the Laplace transform of a 2-dimensional Gaussian random
variable Y ~ NQ(,U,,E), with u = (,ul,,ug)', =11 = V[Yl], —op = V[YQ], =1 =

Cov[Yi,Ys] = =o1, is:
o(u) = Elexp(uiYi 4+ uaYa)] = exp (u’,u n %uEu)
= exp [(ulm + uop2) + % (uf V[Y1] + u5 V[Y2] 4+ 2 ug u2Cov[Y1, Yz])]
[0 This means that:
on(ulz) = or(u) = exp [u’(u + da) + %u Qu] = exp [(u'u n %u Qu) + o qm] |
and

Elexp(u'zy)] = exp [u’E[wt] + %U’V[xt]u] :
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4.3.2 The Stochastic Discount Factor

[0 We specify the following SDF:

1
Miiy1 =exp |—8 — o'z + Mgy — Erirt :

[0 the coefficients a = [a1, @p]’ and B are path independent,

O My =T (X)) = (o + y21), Where v, = (71,0,72,0) and v is a (2,2)-matrix:

~/
(1t = Yo1+Mi1T1t+712T28 = Y10+ 1T0

, Yo2 + V21%1t+ V22724 = V2.0 + VoIt -

_I
N
I
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[J This means that, at any date ¢, the risk-correction coefficients associated to the
first and second factor, i.e. '1; and ['>; respectively, are a linear combination of

BOTH scalar factors z1; and zo;.

[0 The no-arbitrage restriction Eiy(M; ;1) = exp(—r;), implies the relation

ri=04+dxi=F+arx1t+ azrxoy.

— Thus, we now assume that the short rate has a dynamics explained by two
variables (two factors) like, for instance, short and long rate, short rate and

spread, one vield and one macro variable, level and slope factors.
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4.3.3 The Risk Premium

[J Given the following definition of risk premium:

P
A\t = log E; ( ;;“) — ry = log Eyexp(yi1) — 7t
t

0 and given the payoff exp(—b'z;41) at t 4+ 1, its price in t is given by:
1
Pt = FE; [Mt,t—l—lpt—{—l} = &Xp [—’)"t — b/(l/ —|— (Da?t) — b’ZI_t + Eb/Qb] ,

1
EtPH—l = Et[eXD(—b/CCH_l)] = &Xp [—b/(l/ —|— CD/CBt) —|— §leb] .

O therisk premiumis Ay =6 Xy = b X (7,+~vx:). It is function of the 2-dimensional
factor xy.
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4.3.4 The Affine Term Structure of Interest Rates

[J The price at date ¢t of the zero-coupon bond with time to maturity h is :

B(t,t + h) = exp(Crzt + Dy) = exp(Cypx1t + Copzot + D), h>1,

[0 where ¢;, and d; satisfies, for h > 1, the recursive equations:

(C, =

\

—a+ (P + Xv)'Ch1
— + CD*/Ch—l )
—B+ C;,,_l(y + ) + %C;,,_l(zzl)ch—l + Dp-1

—B+C), v+ %C;L_lQCh—l + Dp_1,

O with initial conditions Co = 0,D9 =0 (or C1 = —«a,D1 = —f3).
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[l The affine term structure of interest rates formula is:

1 C! D
R(t,t+ h) = —ElogB(t,t—kh) = _Thxt_fh

1
5y (Cipx14+Copxor+ D), h>1,

[0 For a given date ¢, any vield R(t,t+ h) is an affine function of the 2-dimensional

factor xy = (14, x24)".

[0 This is the discrete-time equivalent of the bivariate (continuous-time affine)

Vasicek model.

83



4.3.5 Gaussian Bivariate VAR(1) Observable Factor-Based Model

[0 The 2-dimensional factor (x;) can be considered as a vector of two yields: the
first component is assumed to be the short rate r, and the second one is the

long rate R;.

[J More precisely, we assume:

R(t,t+ 1)
It —

R(t,t + H)

where R(t,t 4+ 1) =r; and R(t,t+ H) = R;.

[J we can start better understanding the role of the no-arbitrage restrictions.
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O First, I have to impose that R(¢,t + 1) = r;. This condition generates the AAO

restriction:
R(t,t+1)=p+dxs =B+ a1ri+ R =mn
&S B=0, ar1=1, ar =0,

These conditions are equivalent to C; = —(1,0) and D; = 0.

[0 Second, I have to impose that R(¢,t + H) = R; for any t. In this case we have:
1
_E[Cl,H ri + Con Rt + D] = Ry

S Crprt+Cog R+ Dy = —HRy
@CLH:O, CQ,H: —H, Dg=20,

that is Cy = —H (0,1) and Dy = 0.
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[J In this case, the absence of arbitrage conditions for the 2 yields in x; imply :

(7’) Cl — _(170)/7 Dl:oa

(ii) Cu —H (0,1)), Dg=0.

[J The first set of conditions is used as initial value in the recursive equations

(Ch, Dy).

[J The second condition imply restrictions on model parameters which must be
taken into account at the estimation stage. We have to impose to the yield-to-

maturity formula to pass through the yields in z;.
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4.4 Gaussian VAR(1) Factor-Based Term Structure Models

4.4.1 Historical Dynamics

[J We consider our discrete-time economy between dates O and T'.

] x; is our factor or a state vector, and it may be observable, partially observable

or unobservable by the econometrician.

[0 The Gaussian AR(p) ATSM is (at estimated parameters) not able to completely
explain the variability over time and maturities of the observed vield curves =

we need more information, i.e. more factors!

[l The size of x; is now assumed to be K > 1.
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The historical dynamics of z; is defined by the joint distribution of zp =

(zo,...,xz7r), denoted by P, or by the conditional probability density function

(p.d.f.):

fr(ziy1lze),

or by the conditional Laplace transform (L.T.):

pi(ulze) = pi(u) = Elexp(u'zi41)|z] = Eilexp(u'ziy1)],

which is assumed to be defined in an open convex set of R® (containing zero).

We also introduce the conditional Log-Laplace transform:

Ye(ulze) = Pi(u) = Log[pr(ulzt)] .
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[0 Let us assume that the (non observable) K-dimensional factor zy+1 = (1,441, -,

i +1) IS @ Gaussian VAR(1) process of the following type:

Tiy1 = V4 Prr+ Zepq,

where ;.41 = (€1441,--.,€Kx41) IS @ K-dimensional Gaussian white noise with

N (0, Ix) distribution.

O Eixiy1]l = v + DPae and Vi[xp1] = X3 = Q (symmetric positive semi-definite),

= ZTyt1| vt ~ Ng(v + Dz, 2) (under P).
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0 We do not have a uniqgue decomposition of €2:

e > = (0;;) can be chosen lower triangular (in general : Choleski decomposi-

tion) to guarantee 2 > 0 and symmetric.
e Using Choleski (X = (of;)) we impose of;, > 0, i € {1,...,K}, to solve
identification problems.
[0 Under stationarity (i.e. all values of z such that |Ix — ®z| = 0 lie outside the
unit circle), we have
o Elxy] = (Ix—P) v and V[z] is such that vec(V[zs]) = (U —PRP) L vec(),

= x¢ ~ Ng (E[zct],V[xt]) (under P)

93



[J Let us remember that the Laplace transform of a K-dimensional Gaussian ran-

dom variable Y ~ Ng(u, =) is:

o(u) = Elexp(v'Y)] = exp (u',u + %UIEU) :

[l This means that:

1
or(ulzy) = pi(u) = exp [u’(y + dxy) + EU/ Qu] :

] and

Elexp(u'z,)] = exp [u’E[mt] n %u V[:ct]u] |
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4.4.2 The Stochastic Discount Factor

[J We specify the following SDF:

1
M1 =exp |—8 — 'z + Mg — Erfgrt ;

0 the coefficients a = [a1,...,ak] and B are path independent,

O My =T(Xy) = (o +vx:), where v = (y1,05---,7K,0) and v is a (K, K)-matrix:

—|
-
[

~/
: Yo+ 71,1 T1t +V12%2¢ + .-+ VILKTKE = V1,0 T V1Tt

Ckt = Yko+ VE1Z1t+ VK2%2¢+ ... F YK K TRt = VK0 + VR Tt -
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[J This means that, at any date ¢, the risk-correction coefficient associated to the

jt" factor, i.e. 4, is a linear combination of ALL the K scalar factors.

[0 The no-arbitrage restriction Ey(M;;+1) = exp(—ry), implies the relation r

B+dr=pF+o1z1t+ ...+ axTr;.

— Now, the short rate is explained by a linear combination of K variables that we

can select as a mix of yields, latent factors (level/slope) and macro variables.
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4.4.3 The Risk Premium

] Given the risk premium :

P
A\t = log E; ( ;;“) — ry = log Eyexp(yi1) — 7t
t

0 and given the payoff exp(—b'z;41) at t 4+ 1, its price in t is given by:
1
Pt = FE; [Mt,t—l—lpt—{—l} = &Xp [—’)"t — b/(l/ —|— (Da?t) — b’ZI_t + Eb/Qb] ,

1
EtPH—l = Et[eXD(—b/CCH_l)] = &Xp [—b/(l/ —|— CD/CBt) —|— §leb] .

O the risk premium is Ny = VXTI, = VX (v, + vx¢). It is function of the K-
dimensional factor xy.

o7



4.4.4 The Affine Term Structure of Interest Rates

[J The price at date ¢t of the zero-coupon bond with time to maturity h is :

B(ta t _I_ h’) — eXp(C;th _I_ Dh) — eXp(Cl,hxl,t —I_ s + CK,th,t _I_ Dh) ) h Z 1 )

[0 where ¢;, and d; satisfies, for h > 1, the recursive equations:

(Chp = —a+ (P+279)Cha

= —a+P*Cj_1,
< D, = —B+C,_(v+Zv)+iC,_1(EX)Ch-1+ D1
\ = —B+4+C,_ v+ %C;L_lQCh—l + Dp_1,

O with initial conditions Co = 0,D9 =0 (or C1 = —«a,D1 = —f3).
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The (continuously compounded) affine term structure of interest rates is given
by:

1 C D
R(t,t + h) =—ElogB(t,t—|—h):—7h:ct—7h, h>1,

For a given date t, any yield R(t,t+ h) is an affine function of the K-dimensional

factor oy = (z14,..., K1)

This is the discrete-time equivalent of the multivariate (continuous-time affine)

Vasicek model.
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4.4.5 Excess Returns of Zero-Coupon Bonds

0 Under no-arbitrage, and for a fixed maturity 7', the one-period geometric zero-
coupon bond return process p = [p(t,T),0 < t < T], where p(t + 1,T7) =

log [B(t+ 1, T)] —log [B(t, T)], is given by:

pt+1,T) = r—2wlt+1,TDwlt+1,T) + wt+1, TV —wit+1,T) ey,

where w(t+1,T) = —(X'Cr_;_1) is an K-dimensional vector.
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The associated risk premium, between t and t + 1, is given by :
MT) = wlt+1,T) T =30 w(t+1,T) My,

where w(t +1,T) = [wi(t + 1, T),...,wx(t + 1, T)].

It is important to highlight that, in this multivariate setting, the magnitude of

At(T') is given by a linear combination of the K scalar risk premia IM;; = Yo,i +YiTt.

In other words, ALL scalar factors z;:, with i € {1,..., K}, determine the magni-

tude and the variability over time of ANY (scalar) risk premia ;.
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4.4.6 Risk-Neutral Dynamics

[J The risk-neutral Laplace transform of x,41, conditionally to zy, is given by:

M
B tt41

exp(u'ziy1)
| Ey(Myiy1)

Efg@ [exp(vw/xi41)] =

= FEi :exp (Fg Et+41 — % I_Ql_t -+ u’a:H_l)}

= exp [u/'(v+ Pxy) — 37| Eilexp(Ty + Z'u) epy]

exp [u’[(u +>Xv) + (P 4+ Xvy)x] + %u’(ZZ’)u] :

[0 Under the risk neutral probability Q, z;4+1 is an K-dimensional VAR(1) process of

the following type:

Ti+1 — v+ Py + Z*77t+1 )
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[ with

vto= (V_I_O-/YO)) CD*:(CD—I-Z’Y), Z*:Z,

0 and where n;41 is (under Q) an K-dimensional Gaussian white noise with N (0, I'x)

distribution.

] In the risk-neutral framework, for a fixed maturity 7', the one-period geometric

zero-coupon bond return process satisfies the relation:
pt+1,T)=r—2wlt+1, TVwlt+1,T)—wlt+1, T) g1,
with a risk premium A?(T) = 0.
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4.4.7 Gaussian VAR(1) Observable Factor-Based Model

[0 The K-dimensional factor (x;) can be considered as a vector of yields at different

maturities in which the first component is assumed to be the short rate r;.

J More precisely, we assume:

" R(t,t+ h1) |
R(ta t + h2)

Ty —

_R(t7 2 —I_ hK)_

where R(t,t + h1) = R(t,t+ 1) =7 and hy1 < ho < ... < hg.

[] let us see how no-arbitrage restrictions apply in this general setting.
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In this case, the absence of arbitrage conditions for the K yields in x; imply :
(’L) Cl - —e€1, D1=O,
(’i’i)Chj = —hjehj, Dhj:O,\V/jE{Q,...,K},

where ep,, denotes the hf;.h element of the canonical basis in RE.

The first set of conditions is used as initial value in the recursive equations

(Ch, Dy).

The second set of (K — 1) conditions imply restrictions on model parameters
which must be taken into account at the estimation stage. We have to impose

to the yield-to-maturity formula to pass through the yields in x;.
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4.4.8 The S-Forward Dynamics

[0 The S-forward dynamics of the K-dimensional factor z;41 has an VAR(1) repre-

sentation of the following type:

Tir1 = vs + Py + 2740,

(] with

vs =v* —3>*w(t+1,5),

and where &1 ~ ZZN(0,I) under Q%)
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J The one-period geometric zero-coupon bond return process is given by:
p(t_l_la T) — Tt—w(t_l_la T)/gt—l—l_

Lo+ 1, TYwt+1,T) + wlt+ 1, TYw(t +1, 5),

J with one-period risk premium given by :

AYNTY =10g EX exp[p(t+ 1, T)] — e = w(t+ 1, T)'w(t+ 1, S).
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4.5.1 Gaussian VAR(p) Factor-Based Term Structure Models

4.5.1 Historical Dynamics, SDF and Affine Term Structure

[0 Let us assume now that the latent factor ;41 = (x1441,...,TK++1) driving the

term structure is an K-dimensional VAR(p) process of the following type:

Tiy1 = Vv + Pz + ...+ Pprip1p + e
(1)

v+ ®Xi + i,

where e;41 is @ K-dimensional Gaussian white noise with N(0, Ix) distribution.

O X and &,, for each j € {1,...,p}, are (K, K) matrices and X can be chosen, for

instance, lower triangular (Choleski decomposition).
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0 & = [by,...

x.,...,x,. . ) is an (Kp)-dimensional vector.
t t+1—p

, Pp] is an (K, Kp) matrix, v is an K-dimensional vector, while X; =

[0 The model can be represented in the following (Kp)-dimensional AR(1) form:

Xt41

= ®X; + [v + Zepqaler, (2)

where e; is a vector of size (Kp), with all entries equal to zero except for the

first K elements which are all equal to one

(] and where

©
[

is a (Kp, Kp) matrix.
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L] Et[ajt+1] =v + iz + ... + (DpZCH_l_p and V;;[ZCH_l] =33 = Q,

= xy41| x ~ N(v + X, Q2) (under P).

[0 Under stationarity (i.e. all values of z such that | I — Z?zl ®; 2/ | = 0 lie outside

the unit circle), we have E[x;] = (IK— ?:1 d>j> v and V[x] [see Hamilton

(1994, Chapter 10) and Lutkepohl (2005, Chapter 2)],

= Tt ~ N(E[:Ut],V[ZEt]) (under P)
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[1 the SDF is defined as :

Myyr = exp[-B—o'Xi+ Mgy — 20, (3)

O where My =, + T Xy, Ty = [T14,...,T k] and with:

p
I—i,t — ’70,2' + Z?Q,jxt—j—kl 3 1 c {17 sy K} (4)
j=1
with v = [Y0.1,.--,%.x]" @ K-dimensional vector,
J and where

i zll zl’p—l zl’p i
r= 72_71 o 727{9—1 72_’1’ is a (K, Kp) matrix. (5)

L %/;(71 o e %/‘/[{J)_l &/‘/[{71) -
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[J Moreover, assuming the absence of arbitrage opportunities for r, we get r, =

B8+ o' X;, where « is a (Kp)-dimensional vector.

[ It is also easy to verify that the risk premium, for an asset providing the payoff

exp(—=bzip1) at t+ 1, is Ay =S =0 (v0 + T Xy).

[J This means that the date-t risk-premium X\; is determined by a linear combi-

nation of the p most recent lagged values of the K scalar factors z;;4+1 with

ie{l,...,K}.
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O In the Gaussian VAR(p) Factor-Based Term Structure Model, the price at date

t of the zero-coupon bond with time to maturity h is :

B(t,t + h) = exp(C}, Xt + Dy), (6)

0 where C}), and Dy, satisfies, for h > 1, the recursive equations :

C, = —a+dC, 1+ (ZM)Crua
\ = —a+ Y1, (7)
X D, = -8+ Cll,h_l(V + Zf)/o) + %Cll,h_l(zzl)cl,h—l + Dp_1,
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(] and where :

[ D1 +3>v1 ... L ¢p—1+Z’yp_1 cbp‘l'z"yp_
_ % O ... Ox Ox
d* = Ox I ... Ox Ox is a (Kp, Kp) matrix,
| OK IK OK |
(8)
_ V1,
vi's are (K, K) matrices such that ' = [y1,...,v]. Thatis : v = : ;
Vi i
O the initial conditions are Co = 0,Dg = 0 (or C1 = —a,D1 = —f), where Cy,,

indicates the vector of the first K components of the (Kp)-dimensional vector

Ch.
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The (continuously compounded) term structure of interest rates is given by:

- 1 . D

For a given date ¢, any vield R(t,t+ h) is an affine function of the factor X;, that
is of the p most recent lagged values of the K-dimensional factor x;41.

With regard to the one-period geometric zero-coupon bond return process p =
[p(t,T),0 < t <T], it is easy to verify that :

pt+1,T) = r—2wlt+1, TDwlt+1,T) + wit+1, TV —wit+1,T) ey,
where w(t+1,T) = —(X'C17—+1) is an K-dimensional vector.
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[0 The associated risk premium, between ¢t and ¢t + 1, is given by :

MT) = wt+1, 7)Y T =30 w(t+1, Ty

— Zf:l wz(t + 17 T) (/70,1' —I_ Z§=1 ’Ay/g’jxt_j_kl) ,

where w(t+1,T) = [wi(t+ 1, T), ... wr(t+1, T)].

0 One may notice that, in this multivariate setting, the magnitude of \:(T") is given

by a linear combination of the K risk premia I';; = v, + Z§:1 fNny,ja:t_jH.

~

[0 Moreover, for a given matrix I different from zero, \(T) is function of the p

most recent lagged values of the K-dimensional factor z;y;.
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4.5.2 The Risk-Neutral Dynamics

[J The risk-neutral Laplace transform of z,41, conditionally to x;, is given by:

M 141
| By (M 441)

ERl[exp(v/'zi11)] = E; exp(uw'ziy1)

= FE :exp (l_g Et+1 — % M+ u’xt+1)}

= exp [u'(v+ PX;) — 2T4T0) ] Exfexp(M + Z'u) e141]
— exp [u’[(l/ + ) 4+ (D +SP)X] + %u’(ZZ’)u] .
[0 Under the risk neutral probability Q, xz;4+1 is a K-dimensional VAR(p) process of

the following type:

Tt41 — v* + CDTJUt + ... + q);fl?t-l—l—p + Z*Ut+1
(10)
= v+ DXy + T,
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[1 with
v = (vt Xy), & =(P;+Xy;), forje{l,...,p}

P~ [®1,...,P;], =%,

0 where n;41 is (under Q) an K-dimensional gaussian white noise with N (0, Ix)

distribution.

0 This model can be represented in the following vectorial form
X1 = DX, + [ + >*myaler,

where e; is the vector of size (Kp), with all entries equal to zero except for the

first K elements which are all equal to one.
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4.5.3 The Gaussian VAR(p) Observable Factor-Based Model

L] It is like in the previous lecture, with

" R(t,t+ h1) |
R(t7 t + hQ)

Ty —

_R(ta t + hK)_

and where R(t,t+ h1) = R(t,t+ 1) =r and h1 < ho < ... < hg.

[0 The absence of arbitrage conditions for the K vyields in x; imply :

(i)C1 = —e1, D1 =0,
(11)
(ii)Chj = —hjehj, DhJZO,VjE{Q,...,K},

where e, denotes the hf;h element of the canonical basis in R%?.
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4.5.4 The S-Forward Dynamics

[0 The S-forward dynamics of the K-dimensional factor x;y1 has an VAR(p) repre-

sentation of the following type:

Tiy1 =vs + Ploe + ...+ Prxpq1p + 2764, (12)

[ with

vg =v*—2*w(t+1,5),

O and where &1 ~ IZZN (0, Ix) under Q).
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This model can be represented in the following vectorial form :
Xip1 = DX, + [vs + >*¢ir1ler,

where e; denotes the vector of size (Kp), with all entries equal to zero except

for the first K elements which are all equal to one.

The one-period geometric zero-coupon bond return process is given by:
pt+1,T) = ri—wlt+1, T — 2w+ 1, Tw(t+1,T)

+wit+ 1, T)wiE+1,5),

with one-period risk premium given by :

AT =10g EX exp[p(t+ 1, T)] — e = w(t+ 1, T)'w(t+ 1, S).
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